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Abstract
The registration problem is one of the major issues in
Augmented Reality (AR). Fiducial tracking is gaining
interest as a solution to this problem in video see-through
AR because of the availability of digitized real scenes.
There are several AR systems using fiducial tracking, but
most of them operate in small desktop workspaces. It is
difficult to apply them directly to large scale applications.
The wide range of work distance and non-uniform lighting
conditions make fiducial detection very difficult. Adding
new fiducials requires off-line process for measuring
positions of new fiducials. In this paper, we propose a fast
and robust fiducial detection procedure with carefully
designed color fiducials and noise analysis of digitized
images. We also present a dynamic workspace extension
method with on-line position determination of unknown
features. Our efforts is a framework for applying AR to
large scale applications.

camera. Error in a tracking device is inevitable and it is the
major source of misregistration. In video see-through AR,
a user sees the real world through a video camera, and the
same video stream is also available to the AR system in
digital format. There have been several efforts to detect and
correct misregistration by tracking fiducials in the digital
video stream [Azuma95][Bajura95][State96] (Fig. 1 (a)).
Moreover, a video see-through AR system can extract the
camera pose directly from the video stream when it finds
enough
fiducials
in
each
image
[Mellor95]
[Kutulakos96][Neumann96] (Fig. 1 (b)).
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Figure 1Video See-through AR system
with optical fiducial tracking

Figure 1 . Video see-through AR system
with fiducial tracking

1. Introduction
In Augmented Reality (AR), virtual objects have their
own volumes and locations in the user’s real world. To add
virtual objects on the user’s view, AR uses two types of
cameras: a real camera and a virtual camera. A real camera
generates an image stream of the user’s real world and a
virtual camera adds 3D graphics of virtual objects on the
live image stream. Misalignment of these cameras makes
virtual objects appear incorrectly on the composite images.
Registration between virtual objects and the real scene is
one of the major issues in AR [Azuma94]
[Bajura95][Tuceryan95].
To solve the registration problem, both of the cameras
should maintain the same camera pose (position and
orientation) as well as internal parameters. Several types of
tracking devices have been used to get the pose of a real

Fiducial tracking should be processed robustly in real
time to achieve a high refresh rate with stable system
operation, but it is a very computationally expensive
process. Most of the developed systems operated in small
desktop workspaces with a small number of fiducials (in
most cases less than ten) [Bajura95][Mellor95] [State96]
[Kutulakos96]. The sizes of fiducials in the images were
large, and the lighting conditions were pretty uniform,
making fiducial detection and identification relatively easy
and fast. But it is difficult to apply these constraints
directly to large scale applications with tens or hundreds of
fiducials and non-uniform lighting conditions. These
conditions put the robust fiducial detection and
identification problem into a very different dimension.
Edge detection and segmentation of gray-scale image
have been active areas in computer vision. There have also

been several works done with color images [Kender76]
[Nevatia77][Celenk91][Healey92]. These works were
interested in whole images, and they usually could not
work in real-time. Because our interest is extraction of a
few fiducials in real-time, we need a different approach
which does not require the whole image analysis. We
propose a fast and robust fiducial detection procedure with
carefully designed fiducials and noise analysis of digitized
images in varying light conditions.
The fiducial set is pre-designed according to the
application environments, and fiducials are carefully
prepared before the system operation. When a user finds a
work area without enough fiducials, he could stop the
operation and add more fiducials in the area of interest. In
this paper, we present a dynamic workspace extension
method with on-line 3D position determination of
unknown features. This capability also helps the robust
camera pose calculation by adding some features which are
consistently detected through multiple frames taken from
different view points.
In this paper, we present a framework for applying AR
to large scale applications. In section 2, we discuss a fast
and robust fiducial detection procedure with a widely
applicable fiducial set and noise analysis of digitized
images. In section 3, we provide a reliable on-line method
to determine 3D positions of unknown features for
dynamic workspace extension. Our results and discussion
are provided in section 4.

2. Fiducial detection
Fiducial detection is the first step of fiducial tracking
and a very computationally expensive process. A high
refresh rate (more than 10 frames per second) is desired for
comfortable video see-through AR. All processes from the
image digitization to the composite image generation
should be completed within the interval between frames.
For stable system operations, fiducial detection should find
all proper fiducials in the input image obtained from a
suitable camera pose.

2.1. Characteristics of fiducials
Any detectable features can serve as fiducials, but
carefully designed fiducials greatly help fast and robust
detection and identification. Desirable properties of good
fiducials include
1) fast and robust detection and identification
2) small not to block any important information in
the real world
3) inexpensive and easy application.
Active fiducials (e.g., LED) are easily detectable
because they are usually brighter than environments, and

their intensities are constant [Ward92][Bajura95]. Since
they are 3D objects and require power, it is difficult to
install them and to determine their centroids exactly.
Mellor used concentric black and white circular fiducials
[Mellor95]. Corners of large black rectangles were used in
[Kutulakos96][Koller97]. Fiducial detection only deals
with intensity, and it is fast. But fiducial identification is
difficult because all fiducials are identical. Big rectangles
occupy large portion of an image.
Multi-colored concentric circle sets are helpful for
robust fiducial detection and identification [State96].
Because the colors of outer ring and center circle are mixed
on the boundary, it is hard to identify them correctly from
a distance. They usually require much larger size than solid
colored fiducials for robust detection and occupy large
portion of an image.
We tried various multi-colored and shaped fiducials. It
was hard to calculate the centroids and the sizes of fiducials
with multiple colors and complex shapes. They also
required large size for robust detection. We concluded that
the most widely applicable fiducials were solid colored 2D
circles and regular triangles in six colors (red, green, blue,
yellow, cyan, and magenta) [Neumann96] (Fig. 2(a)). Solid
colored fiducials are more robustly detectable from a
distance than multi-colored fiducials of the same size. The
circle has been widely used because of its symmetry, view
invariance, and easy verification. The triangle is a simple
and easily verifiable shape, and is not easily confused with
the circle. The six suggested colors are far apart in the
RGB color space, and they are not easily confused with
each other in the presence of noise. The suggested fiducial
set has 12 unique color and shape combinations, which
make fiducial identification much easier. This fiducial set
satisfies most of the desirable properties of good fiducials.

(a) Color fiducials

(b) Color distribution of (a)

Figure 2 .
Color fiducials and color
distribution in the color cube (see color
plate)

2.2. Digitized image analysis
A fiducial detection procedure extracts fiducials from the
digitized image taken with a color video camera. Since the
camera and digitizer are not immune to noise, intensity and
color changes across the boundary of a fiducial should be

discriminated from those due to noise. Fixed global
thresholds would not work for non-uniform lighting
conditions. It is useful to analyze the noise characteristics
of digitized images for dynamic local threshold
determination.
2.2.1. Color distance metric. Each pixel has three
color components (red, green, and blue) in a digitized color
image. Intensity-only analysis is not enough for detection
of the suggested color fiducials, and all three color
components should be used. Since we expect intensity and
color changes across the boundary of a fiducial, we need
metrics to measure intensity and color differences between
two pixels. Intensity Y at a pixel is easily calculated with
a linear combination of three color components.
Y = aR + bG + cB ,
where 0 ≤ a ≤ 1 , 0 ≤ b ≤ 1 , 0 ≤ c ≤ 1 , and a + b + c = 1 .
R, G, and B are red, green, and blue value at the pixel,
respectively. a, b, and c are assigned depending on the
selected color coordinate system. We used equal weights
(a=b=c=0.333). The intensity difference between two pixels
is trivial; subtract the small intensity value from the big
one.
Because color information consists of three values, a
color distance metric requires an effective method to
combine six values. There are several possible metrics.
1) Absolute distance, such as Manhattan distance,
Euclid distance, etc.
2) L1 normalized distance [Kender76][Wyszecki82]
3) L2 normalized distance [Healey92]
4) Angle between colors in the RGB color cube
[Sung92]
Absolute measures are not appropriate because adding
low amplitude noise in a bright area of the RGB color cube
does not affect color perception but adding the same noise
may give different color perception in a dark area. L1
normalized distance depends on color difference as well as
the colors themselves. L2 normalized distance and color
angle are good metrics, but they require computationally
expensive square root and trigonometric operations.
Therefore they are not suitable for real-time applications.
We employed the square of the color angle cosine. It is
monotonically decreasing for the range 0° - 90° and fast to
compute.

2 . 2 . 2 . Camera and digitization model. ChargeCoupled Device (CCD) cameras are popular as imaging
devices in many areas. Healey and Kondepudy proposed a
CCD camera model and noise estimation [Healey94]. The
quantization process for a single collection site was
modeled as
D = ( KI + N DC + N S + N R ) A + N Q,
where KI is the number of collected electrons, N DC is the
number of electrons due to dark current, N S is the Poisson
shot noise, N R is the amplifier read noise, A is the
combined gain of the output amplifier and the camera
circuitry, and N Q is a zero mean quantization noise.
We simplified the model D = µ + N, where µ is the
mean and N is a zero mean noise. To analyze the mean
behavior and noise characteristics, we fixed the camera
toward the color fiducials on a sheet (Fig. 2(a)), and took
ten pictures at each intensity setting under daylight,
fluorescent light, and combined light conditions. The
analysis procedure of the pictures and the results are
explained in the following subsections.
2.2.3. Color behavior analysis. The fiducial pixels
in the pictures taken under the combined lights were
divided into groups according to their colors and
intensities. The averages of groups were computed. The
same process was repeated with the pictures taken under
daylight and fluorescent light. Three results gave very
similar patterns but the actual values were a little different.
Three graphs in Fig. 3 show the average behaviors of the
RGB channels of our camera as functions of pixel intensity
under the combined light. Each curve in the graphs shows
the channel response of the corresponding color. For
example, to find the response to the red target, follow the
red curves in the three graphs. The red curve in the first
graph shows the red channel response. The red curve in the
second and third graphs show the responses of the green
and blue channels to the red target. At low intensities,

(color1 • color2 ) 2
cos (θ ) =
2
2
color1 color2
2

Like other normalized metrics, this metric has a
problem with the color black whose R, G, and B values are
0, 0, and 0, respectively. Around black objects and very
dark shadows in an image, the intensity can be only a
measure.

Figure 3. Red, green, and blue color
channel behaviors of the six target colors
(see color plate)

only the red channel has non-zero values. As the intensity
increases, the other channels also have small non-zero
values. Therefore a red fiducial at low intensity gives a
different direction of color vector from one at high
intensity.
These mean color behaviors are captured in the
reference colors used for the fiducial color classification in
the fiducial detection procedure. As the above result
shows, only one set of reference colors at a specific
intensity does not work for all intensities. Therefore we
need multiple sets of reference colors or sets of color
functions. To simplify the representation, we used curve
fitting with order-four polynomials.
2 . 2 . 4 . Intensity noise analysis. We obtained
groups of ten pictures taken with the same intensity under
the same light source. Because the camera was fixed, each
pixel should have the same intensity for pictures in a
group if the camera was noise free. Therefore at each pixel,
the differences from an average were noise. The differences
were collected from all groups according to the average
intensity and the color. The statistics of noise were
computed for each intensity in each color.

graph shows the distributions of primary colors and the
right graph shows those of secondary colors. The upper
curves are 99% cumulative distributions of corresponding
colors, and the lower curves are 80% cumulatives. The
color noises are reciprocally related to the pixel intensity.
The absolute magnitude of noise at low intensities is
slightly larger than at high intensities (Fig. 4), but the
relative magnitude is large at low intensity. The color
noises of primary colors converge to zero at low intensities
because only one channel is non-zero, but those of
secondary colors have large values because the multichannel noises are not correlated.
This color noise analysis shows that a tight threshold
would work well in high intensity regions, but thresholds
should be loose in low intensity areas. At very low
intensities, the color difference should not be used as a
discriminating criterion at all.

(a) Primary colors
(b) Secondary colors
F i g u r e 5 . C u m u l a t i v e 8 0 % a n d 9 9 % color
noise distributions (see color plate)

Figure 4. Cumulative 80% and 99% noise
distributes
for
RGB
channels
and
intensity (see color plate)

Fig. 4 shows the cumulative noise distributions in
pixel unit of our camera as functions of pixel intensity.
The lower curves in each graph are the 80% cumulative
noises of corresponding colors, and the upper curves are
the 99% cumulative noises. The noises are slightly
decreasing, as the intensity of a pixel is increasing. All
three color channels in the six target colors show similar
patterns and values.
2 . 2 . 5 . Color noise analysis. Using the same
procedure as intensity noise analysis, we calculated the
distributions of color angle noise. Fig. 5 shows the plots
of cumulative distributions (80% and 99%) in degree units
of our camera as functions of pixel intensity. The left

These intensity and color angle noise analyses are used
for adaptive threshold determination during segmentation.
The Figures 4 and 5 suggest that the thresholds should be
related to pixel intensity. In addition, we recommend
multi-level thresholds to smooth noise. The most sensitive
level (e.g., cumulative 80% noise curves) allows only
possible noise within a pixel, and it might divide one
fiducial into several regions. The second level (e.g.,
cumulative 99% noise curves) threshold allows the noise
from the non-uniform surface, and merges some small
regions in a fiducial into large ones. The third level
threshold takes account of other factors, such as partially in
shadow, partial highlight, camera characteristics (e.g.,
preamphasis on boundaries), etc.

2.3. Fiducial detection procedure
We are not interested in a whole image but a few
fiducials in the image. The fiducial detection process
should be done in real-time for a high refresh rate.
Therefore we need a different approach from those often
used in computer vision. Since there are only a few
fiducials in each image, our basic idea is to quickly skip

uninteresting areas and to concentrate only a few potential
fiducial regions.
Our detection process is divided into five steps (Fig. 6).
We quickly skim the whole image and select potential
fiducials in the first step. For those selected regions, we
apply more expensive operations in sequence to distinguish
real fiducials from false fiducials and to extract information
about detected fiducials.

The side length of the maximum inside square of the
ellipse is

l=

d 2 d ′2
cos 2 (Θ)
DF
=
L 1 + cos2 (Θ )
d2 + d′2

When the minimum fiducial size is available from the
previous frame, we adaptively change the sampling interval
and improve the performance further.

Select a few potential regions
Determine boundaries

d
d’

l

l

Shape verification
Color classification
Calculate centroids

Figure 6Major steps in fiducial detection

Figure 6. Major steps in fiducial detection

2 . 3 . 1 . Potential fiducial detection. We expect
only a few fiducials in each image because fiducial tracking
requires only three or four fiducials. Therefore only a few
small regions in the image need to be fully analyzed. When
a user does not move or moves smoothly, the potential
locations of fiducials can be predicted based on the history
of fiducial locations. When the system starts or loses track
of the fiducials, it should scan the whole image. It also
scans the whole image periodically to check if there are any
new features for the new-point problem (section 3).
To find potential fiducials without processing every
pixel in the image, we construct a lower resolution image
with subsampling and look for potential fiducials in the
small image. The subsampled image is small the search is
fast but not robust because some appropriate fiducials
might be missed. When it is large, the system runs
robustly but slow. Therefore the sampling interval is
important to achieve fast and robust fiducial detection.
To find all fiducials, we should have at least one
sampling point from each fiducial. The sampling points
form a square grid in the image. If the grid square is
smaller than the maximum square inside a fiducial, at least
one sampling point falls on the fiducial. Therefore the
sampling interval should not be longer than the side of the
maximum inside square of the expected minimum fiducials
(Fig. 7). A circular fiducial looks like an ellipse in the
image. The length of the major axis d of the expected
minimum ellipse is
d = DF/L,
where D is the diameter of a fiducial, L is the maximum
work distance, and F is the effective focal length of a
camera. When we allow a user to look at a fiducial Θ°
from its surface normal at the maximum work distance, the
length of the minor axis d’ of an ellipse is
d’ = dcos(Θ) = DFcos(Θ) /L.

Figure 7Maximum sampling interval

Figure 7. Maximum sampling interval

The side length of the maximum square inside the
expected minimum triangle is computed similar to that of
a circular fiducial.

3 cos(Θ)
,
l = D' F
L
3 + 2 cos(Θ )
where D’ is the side length of a triangle. To use the same
sampling interval with circles, the ratio of the side length
of a triangle to the diameter of a circle is
D'
3 + 2 cos(Θ)
=
.
D
3 + 3 cos2 ( Θ)
The subsampled small image is segmented into regions
based on the similarity of intensity and color with adaptive
multi-level thresholds. After segmentation, we compute
the bounding box of each region and select the regions
with appropriate size and aspect ratio as potential fiducials
(Fig. 8).

Figure 8. Potential fiducial areas

2 . 3 . 2 . Boundary determination. More intensive
tests are applied to each potential fiducial to check if it is a
real fiducial. For further analysis, the boundary information
of a potential fiducial in full resolution is required. The
boundary location on a sampled scanline is easily
determined using the boundary information in low
resolution. The boundary location on an intermediate
scanline is searched from the linearly predicted position
with the adjacent known scanlines.
There are several methods for determining the boundary
of features with sub-pixel precision in computer vision
[Oakley91][Hunt95][Mellor95]. Because of the video

bandwidth limitation, the digitized image does not have
step edges, but rather ramps that are several pixels wide.
Since our color metric is not linear, we use intensity to
determine the sub-pixel boundary location in a ramp. On
each scanline the feature intensity and the background
intensity are calculated by averaging the stable areas on
both sides of the ramp. We find the location in the ramp
whose intensity is same as the average of two end
intensities.
2 . 3 . 3 . S h a p e v e r i f i c a t i o n . To discriminate the real
fiducials from the false ones, the shapes and colors are
used. For shape verification, a series of tests is performed.
They are arranged to cull false fiducials as early as possible
with simple and fast tests.
Area ratio of feature to bounding box. A circle
would appear as an ellipse, and a regular triangle as a
general triangle in the image. If the detected feature is a
circle and the major or minor axis is vertical, the area ratio
of the detected feature to the bounding box is PI/4 =
0.7854. If the axis is not vertical, the ratio is still near to
0.7854. If it is a triangle and one side is vertical or
horizontal, the ratio is 0.5. If not, the ratio is different
according to a view point, but it is roughly 0.5.
N u m b e r o f c o n t a c t p o i n t s . A circle contacts a
bounding box at four points, and a triangle contacts at
three points. This test obviously distinguishes a triangle
from a circle.
L i n e t e s t . A rectangle embedded in a circle touches
the circle boundary four points.. We check for boundary
points of the feature outside of the rectangle. In a triangle,
three contact points make a triangle that is identical to the
detected feature. We test if boundary of the feature is close
to the triangle. For the fast processing, we just test on a
few sample points on each side of rectangle or triangle.
2 . 3 . 4 . C o l o r c l a s s i f i c a t i o n . The color classification
of fiducials discriminates false fiducials whose shapes and
sizes are similar to those of real fiducials. Some false
fiducials, continuously detected through multiple frames,
can be used as fiducials after their 3D locations are
determined with the new-point determination algorithm
(section 3).
RGB equations of the standard colors and color noise
approximation are developed in the section 2.2. After
calculating average intensity and color of each fiducial, the
average color is compared to the standard colors at the
average intensity. If the smallest color difference is less
than the color noise, the fiducial is assigned to the color
(Fig. 9). If not, the fiducial is false one and is passed to the
new-point algorithm for 3D location determination.

Figure 9. Detected fiducials

3. 3D Position Estimation of Unknown
features
From this point, the term “registered features” will be
also
used to refer to “fiducials” in contrast with
“unknown features” whose 3D positions are not known
yet. The camera can be tracked as long as it sees at least 3
fiducials at the same time. So more fiducials provide more
viewing freedom in a fiducial tracking system. For
example, fiducials should be widely placed to have a large
workspace and more densely placed in an area to be viewed
closely. For a small number of fiducials in a limited
volume, a mechanical digitizer can be used to measure and
register their 3D coordinates. Larger volume requires that
the digitizer's base needs to be moved, and a coordinate
system transformation between the positions must be
computed. This process is difficult and erroneous and
impossible to perform dynamically.
Fortunately, the camera can be still tracked in a
limited range with a small set of registered features
(measured using, for example, a digitizer). So the tracking
information (camera position and orientation) is available
and can be used to compute the 3D positions of unknown
features in the neighborhood of registered features. Once the
3D position of a previously unknown feature becomes
known and the feature is registered, this feature can also be
used to track the camera and again to compute the
positions of other unknown features in its neighborhood.
Fig. 10 shows the overview of the iterative Position
Estimation System.
Projections of
Unknown features

3D positions and
projections of
registered features

Tracking System
camera position
and orientation

Pose Estimation
System

current estimates
of 3D positions of
unknown features

Figure
Pose Estimation System estimates 3D positions of
unknown features using camera position/orientation
and projections of unknown features on scrren space.

Position estimation system estimates 3D positions of unknown
features using camera position/orientation and projections of
unknown features on the image plane.

Figure 10. Position estimation system diagram

to the behavior of the camera. Since a user may wear the
camera, we can not predict whether the camera moves or
rotates evenly to most directions or stays in a narrow
angle. The estimates when the camera moves evenly over
many directions are better than when the camera movement
is restricted in a narrow angle (Fig. 12).
Figure
color feature : known
gray feature : unknown
since camera position and

•
•

black features : registered - used to calculate camera positions
and orientations
gray feature : unknown - the 3D position is at the intersection of
two lines connecting camera positions and projections of the
feature

Figure 11. Unknown feature position estimation

3.1. System Requirements
Each frame, a line is formed connecting the camera
position and the projection of the unknown feature on the
image plane. The 3D position of the unknown feature
could be anywhere on the line, but two lines from different
views, if they intersect, determine a unique 3D position
(Fig. 11). However, because of the noise in obtaining the
centroids of features and calculating camera positions and
orientations, lines do not generally intersect at one point
requiring an optimizing algorithm to get a reliable
estimation of the 3D position.
In computer vision literature, there has been much
work in pose estimation of a camera’s viewpoint
[Haralick89] and object recognition [DeMenthon95]
[Huttenlocher90] where absolute or relative structures of
the objects are assumed to be known. However, a system
to recover point-wise structures from known but noisy
camera pose and image sequences has not been developed
as far as we know. There has been a similar previous work
in estimating the 3D position of a feature in Robotics
[Lee97], but in their case, a stereo camera was used and a
3D position estimate of the feature was available each
frame. In our application, a monocular camera is used and
information from each frame is insufficient in itself.
The intersection of two lines with a wide angle gives
an estimate of a 3D point position which can be used for
many applications. But in AR more accurate estimate of a
3D point position will make more accurate camera pose
available, and more accurate camera pose will superimpose
virtual objects on real objects more correctly. Especially
when the workspace needs to be dynamically extended, the
propagated error will become bigger even with small error
in estimation.
Our goal was to develop a system which converges
quickly even if the initial estimate is poor. The
computation time should be low in accumulating useful
information and updating the estimates. It is also
important to keep orientations of lines which can be used
to determine how good the accumulated data set is. Even
with a same number of frames, the result varies according

(a) Camera movement is restricted :
can not expect to
get a good estimate
because not enough
information
has
been collected.

(b) Most frames to one
direction and small
number of frames to
other directions : better
than (a) but still not
enough
information
has been collected.

(c) Camera moves
evenly
to
most
directions: a good
data set

Figure 12. Behaviors of the camera

3.2. Algorithm
3.2.1. Estimate Representation. We represent the
estimate of the 3D position as a 3D point and its position
uncertainty as an ellipsoid. As measurements(lines)
contribute to the estimate update, the uncertainty ellipsoid
shrinks according to the orientations and proximities of the
lines.
3.2.2. Uncertainty Ellipsoid Representation. The
uncertainty ellipsoid is represented by a covariance matrix.
A covariance matrix has been also used in edge detection
to collect orientation information to form edges [Guy95].
The covariance matrix can be decomposed into eigenvectors and eigen-values which represent the axes and
lengths of the uncertainty ellipsoid. Initially, the
uncertainty ellipsoid is a sphere whose radius is
determined by the standard deviation of the measurement
noise, which could be obtained off-line. The uncertainty
ellipsoid can be used to inform a directional uncertainty as
well as the scalar uncertainty.
3.2.3. Estimate Update Direction. The 3D point position
is estimated based on the collected lines. As a new line is
measured, the current estimate needs to be moved toward
the new line because the new line infers that the point
position is somewhere on the line. Since the previously
collected lines are represented by the uncertainty ellipsoid,
the update direction and magnitude are determined based
on the new line and the uncertainty ellipsoid.
Larger uncertainty value in a direction gives more
flexibility and freedom to move toward that direction, the
estimate is moved more in a direction with a larger
directional uncertainty and less in a direction with a
smaller directional uncertainty. One of the ways to reflect
this idea is to scale the update direction according to the
uncertainty ellipsoid. The update direction is determined
as a weighted average of three directions which are
suggested by each of 3 axes of the uncertainty ellipsoid.

Let ev i , i=1,2,3 be eigen-vectors and λ i , i=1,2,3 be
eigen-values of the uncertainty ellipsoid. A direction vector
v i is a vector connecting the current estimate and the
closest point(closest from ev i ) on the line for each i.
These vectors are the desired movement direction by each
axis of the uncertainty ellipsoid. Then the update direction
v is average of v i ’s weighted by eigen-values(directional
uncertainty). See Fig. 13 for a graphical description of the
2D case.
v=

3

λi ?v i

i =1

This works well when the input lines are not evenly
distributed and uncertainty is biased to one direction
which is the typical case in AR.
eigen vector

new line

update
direction

eigen vector
shortest path

NPF3
the estimate is updated to the direction of shortes
path to the line scaled by uncertainty to move
more to more uncertain direction

The estimate is updated to a direction toward the line
considering the uncertainty ellipsoid.

Figure 13. Direction of estimate update

3.2.4. Estimate Update Magnitude. In updating the
estimate, the uncertainty ellipsoid is used to get the
uncertainty value in the direction of update. This
uncertainty value determines how much the estimate is to
be updated. This process reflects the idea of updating more
if the estimate is uncertain while updating less if the
estimate is certain in that direction. As useful
measurements are collected, the uncertainty ellipsoid
shrinks and the estimate becomes stable moving less and
less. Fig. 14 describes estimate update graphically for the
2D case. The 3D case is similar.
Uncertainty
Ellipsoid

Uncertainty
Ellipsoid

uncertainty
new line

Uncertainty
Ellipsoid

Our video see-through AR system has the following
configuration:
• SGI Indy 24-bit
graphics system
with
MIPS4400@200MHz
• SONY DXC-151A color video camera with
640x480 resolution, 31.4° in horizontal and 24.37°
in vertical field of view (FOV), S-video output
• Fiducial set with six colors (red, green, blue,
yellow, cyan, and magenta), two shapes (circle and
regular triangle), and 1 inch diameter size
We set the work-distance to 2 ~ 8 feet, and allowed a
user to look at a fiducial 45° from its surface normal at 8
feet distance. Within this work-volume, A circular fiducial
appeared as an ellipse with major axis length 12 ~ 48 pixel
in images. Therefore the sampling interval is initially set
to 6, and it is adaptively changing according to the
minimum fiducial size of the previous frame.
The curves in Fig. 3 were approximated with order four
polynomials. We used three levels of intensity and color
angle thresholds. Our implementation of the fiducial
detection gave 12 frames per second (FPS) when each
fiducial is located within a window of the previous
location. For whole image search, it processed 7 FPS with
simple scene (Fig. 15 (a)) and 5 FPS with complex scene
(Fig. 15 (b)). The sampling interval, and the size and
number of potential fiducials in the image are the major
factors of system performance.

Uncertainty
Ellipsoid

uncertainty
new line

new line

new line

NPF4

NPF4

Left : the estimate is updated in bound of the uncertainty
Right : the estimate is updated not beyond the line

Left : the estimate is updated in bound of the uncertainty
Right : the estimate is updated not beyond the line

(a)

(b)

the estimate is moved in
bound of the uncertainty

the estimate is not moved
beyond the line

The estimate is updated by minimum of the uncertainty bound and the
distance to the line.

Figure 14. Magnitude of estimate update

4. Result and Discussion

(a) Simple background
(b) Complex background
Figure 1 5 .
Fiducial
detection
under
various lighting conditions

We tested the position estimation system with a
Gaussian distribution of lines about a point and also with
real data generated by the camera. Graphical charts in
Figures 16 and 17 shows the distances(in inch scale)
between the estimates and the real 3D position for each
frame. The scalar confidence values are also shown to

inform how much the system is certain of the estimate.
3
The scalar confidence is simply (1 − ⊆
λi) , where
i =1

⊆ λi is the scalar uncertainty and λi, i = 1,2,3
3

are

i =1

lengths of ellipsoid axes.
Gaussian Random numbers with standard deviation of
0.2 and 0.4 were used to simulate the system. The result
indicates that the estimation(the distance from the
estimation to the real position was measured) converges
fast and becomes stable as the confidence grows.
Two sets of real data were generated using the camera.
A model with 3 registered features and 1 unknown feature
on a 3D object was used. The unknown feature was also
digitized to compute the distances between the estimates
and the digitized value. Data set 1 was selectively
collected to get a good data set(it is more evenly oriented),
so it converges fast. Data set 2 is a non-selective data
where the camera was free-running. In this case the first
estimate is not as good as data set 1 because the angle
between first two lines was smaller. Estimates of both data
sets are compared with averages of intersections of every
pair of accumulated lines(all combinations) whose time
complexity is O(n 2) (Fig. 17).
1

Gaussian Random Numbers

0.9

Distance/Confidence

0.8
0.7
0.6
Distance SD=0.2
Confidence SD=0.2

0.5
0.4

Distance SD=0.4
Confidence SD=0.4

0.3
0.2

system worked well both with synthetic and real data. Our
algorithm out-performed the average intersection of every
pair of lines in non-selective free-running data set. For the
free-running case, it took about 50 frames of contributed
lines until it converged and became stable. Considering
the accuracy of the mechanical digitizer(0.017”), our
system’s accuracy is quite good(for data set 1: 0.08” after
30 frames, for data set 2: 0.025” after 50 frames).
This is an extension of the previous system
implementation [Neumann96]. After many tests with
various fiducials, we believe that the suggested fiducial set
is the most generally applicable fiducial set for large scale
applications. We can use multi-sized fiducials to prevent
all fiducials from become bigger. The new fiducial
detection based on the fiducial shape is much faster and
more robust than the previous one, which was based on
color similarity to standard colors, under various light
conditions. The on-line new-point position determination
algorithm makes it possible to add new fiducials during the
system operations and dynamically extend the workspace.
The presented work in the paper is only a first step for
applying AR to large scale applications. There are still
many areas that need more development before seriously
using AR in real applications. With the proposed fiducial
set, the fiducial identification problem is greatly reduced,
but it is still a big problem when hundreds of fiducials are
used. The three-point camera pose determination gives
multiple solutions. When the solutions are collapsed into
two, we can choose the right one with fiducial size
comparison. But more research is required to deal with the
case where the number of solutions is more than two.
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Increasing confidence of
point position using synthetic data
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Figure 17. Result: real data sets

We presented an algorithm for estimating positions of
unknown features for dynamic workspace extension. The
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